Introduction
The main theorem of [4] say that there is a proper closed simplicial model category structure on the category Spt Σ of symmetric spectra, and that the associated homotopy category Ho(Spt Σ ) is equivalent to the stable category. This paper shows how to generalize this result to the category PreSpt Σ (C) of presheaves of symmetric spectra on an arbitrary small Grothendieck site C.
The reader will observe that the fundamental new ideas from [4] (injective objects, stable equivalences and stable fibrations for symmetric spectra) have natural analogs in the presheaf context, and the gross outline of proof coincides with that given here, up to reordering. Techniques from [2] are used in this paper to prove factorization results.
A technical point: the "stabilization functor" Q Σ given here does not coincide with the functor R ∞ of [4] , although it performs the same function in the proof of the main result: R ∞ can be used in place of Q Σ in the proof of Lemma 16 of this paper. The construction of Q Σ depends on a shift functor X → X [1] which is also new, in that it is twisted by cyclic permutations. It is a consequence of the construction that the natural map of symmetric spectra X → Q Σ X induces an isomorphism of stable homotopy groups (trivial consequence of Lemma 12), while the natural map X → R ∞ X of [4] has no such property in general (see also Remark 13 below). I would like to thank Jeff Smith for pointing this out.
Results
Recall from [4] that Spt Σ is complete and cocomplete, with limits and colimits formed levelwise as in the category S * of pointed simplicial sets. Recall further that Kan's Ex ∞ functor prolongs to the category of symmetric spectra, so that there is a natural map ν X : X → Ex ∞ X for X ∈ Spt Σ , such that ν X is a level weak equivalence, and the symmetric spectrum Ex ∞ X is a level Kan complex.
Suppose that C is a small Grothendieck site, and that α is an infinite cardinal. Recall [2] that a simplicial presheaf X on C is said to be α-bounded if α is an upper bound on the cardinality of all sets of sections of X in the sense that |X n (U )| ≤ α for all n ≥ 0 and all objects U of C. A presheaf Y of symmetric spectra is α-bounded if it is α-bounded in all levels.
I shall write sE for the class of morphisms f : X → Y of PreSpt Σ (C) which are level weak equivalences in the sense that the induced maps f : X n → Y n are local weak equivalences of simplicial presheaves for n ≥ 0. A level cofibration is a map g : A → B of PreSpt Σ (C) such that the maps g : A n → B n are all cofibrations (aka. monomorphisms) of simplicial presheaves. Lemma 1. Suppose that C is a small Grothendieck site. Then the following statements hold for the class sE of level weak equivalences and the class of level cofibrations of presheaves of symmetric spectra on the site C:
sE1: The class of morphisms sE is closed under retracts. sE2: Given a composable pair of morphisms
if any two of f , g and gf are in the class sE, then so is the third. sE3: Every pointwise level equivalence is in sE. sE4: The class of sE-trivial level cofibrations is closed under pushout. sE5: Suppose that γ is a limit ordinal, and there is a functor X : γ → PreSpt Σ (C) such that for each morphism i ≤ j of γ, the induced map X(i) → X(j) is an sE-trivial level cofibration. Then the canonical maps
are sE-trivial level cofibrations. sE6: Suppose that the morphisms f i : X i → Y i are sE-trivial level cofibrations for i ∈ I. Then the morphism i∈I f i :
is an E-trivial level cofibration. sE7: There is an infinite cardinal α which is at least as large as the cardinality of the set of morphisms of C, such that for every diagram
of maps of presheaves of spectra with i a sE-trivial level cofibration, and A α-bounded, there is an α-bounded subobject B ⊂ Y such that A ⊂ B, and such that the inclusion B ∩ X → B is an sE-trivial level cofibration.
A pointwise level equivalence is a map f : X → Y of presheaves of spectra such that all induced maps of simplicial sets f : X n (U ) → Y n (U ), U ∈ C, are weak equivalences. An sE-trivial level cofibration is a morphism of presheaves of symmetric spectra which is both a level weak equivalence and a level cofibration.
Proof: The only statement that requires proof is sE8 -the rest are consequences of standard properties of cofibrations and local weak equivalences of presheaves of simplicial sets. The proof of sE8 uses a fundamental construction from [2] (see Lemma 2.3, Remark 2.5): Kan's Ex ∞ -construction determines a natural diagram
such that the horizontal maps are pointwise level weak equivalences. The objects Ex ∞ X and Ex ∞ Y are Kan complexes in all sections and levels, and so the standard method of replacing a map by a Kan fibration determines a functorial factorization
in which i f is a pointwise weak equivalence in all levels and p f is a pointwise Kan fibration in all levels. Pulling back p f along ν Y determines a factorization
of the original map f such that p f * is a pointwise Kan fibration and i f * is a pointwise weak equivalence in all levels. It follows that f is a level weak equivalence if and only if p f * is a locally trivial fibration in all levels, or that p f * has the local right lifting property with respect to all inclusions ∂∆ n → ∆ n in all levels. Note further that the functor f → p f * preserves colimits.
Let α be an infinite cardinal which is an upper bound for the cardinality of the set of morphisms of the site C.
Suppose given morphisms of symmetric spectra Then the level pointwise fibration p Y is a level weak equivalence, and is therefore has the local right lifting property with respect to all maps ∂∆ n → ∆ n in all levels. This means that for any U ∈ C and diagram of simplicial set maps
there is a covering seive R ⊂ hom C ( , U ) such that there is a lifting
after refinement along any morphism φ : V → U in R. The object Y is a filtered colimit of its α-bounded subobjects B so that Z Y is a union of the corresponding subobjects Z B , and there are at most α diagrams of the form (2) . It follows that there is an α-bounded subobject A 1 with A ⊂ A 1 ⊂ Y such that any lifting problem of the form (2) is solved locally over A 1 in the sense that there is a covering seive R and a commutative diagram
This construction can be repeated inductively, yielding a sequence of α-bounded
has a local solution over A i+1 . It follows that the object A ∞ = i A i is an α-bounded subobject of Y containing A, and the map p A ∞ : Z A ∞ → Y is a local fibration and weak equivalence of simplicial presheaves in all levels.
For a pointed simplicial set K, write
In the language of [4] , K ⊗ Σ n , concentrated at level n, is the free symmetric sequence G n K. Also, according to their notation, S ⊗ G n K is the free symmetric spectrum on K in level n, in the sense that there is a natural isomorphism
In particular, one sees directly that any cofibration (respectively weak equivalence) i : K → L induces a level cofibration (respectively level weak equivalence) i * :
Analogous observations hold at the presheaf level: any cofibration (respectively local weak equivalence) i : A → B of simplicial presheaves induces levelwise cofibration (respectively local weak equivalence) i * : S ⊗ G n A + → S ⊗ G n B + of presheaves of symmetric spectra. Recall that the notation A + means A with a disjoint base point attached.
Say that an injective fibration is a morphism of PreSpt Σ (C) which has the right lifting property with respect to all maps which are simultaneously level cofibrations and level (local) weak equivalences. In view of the previous paragraph, any injective fibration is a global fibration of simplicial presheaves in all levels.
Note further that the category PreSpt Σ (C) has a simplicial structure, with function complexes hom(X, Y ) given by
The following statement is generally a consequence of Lemma 1 in exactly the same way that Theorems 1.1 and 3.5 are deduced from the corresponding sets of axioms in [2] : Theorem 3. Let C be a small Grothendieck site. Then the category PreSpt Σ (C) of presheaves of symmetric spectra, together with the classes of level cofibrations, level weak equivalences and injective fibrations as defined above, satisfies the axioms for a proper closed simplicial model category.
Proof: For the parts of the proof not covered by Lemma 1, axiom SM7 is a consequence of the corresponding result for simplicial presheaves, as is the properness assertion.
In the notation of [4] , there is a functor U : Spt Σ → Spt which forgets the symmetric group actions. In other words, U X n = X n with bonding maps S 1 ∧X n → X n+1 given by the obvious maps in the symmetric spectrum structure for X. The functor U has a left adjoint V : Spt → Spt Σ which is determined by the assignment
for pointed simplicial sets K. More generally, a spectrum X is a natural filtered colimit
where F n X has spaces of the form
There are natural pushouts
and so it follows that V X may be described by the assignment V X = lim − →n V F n X, together with pushouts
Lemma 5. Suppose that i : A → B is a cofibration of spectra. Then the induced morphism i * : V A → V B is a level cofibration of symmetric spectra.
is a levelwise cofibration of symmetric spectra by the discussion above. Assume that i * : V F n A → V F n B is a levelwise cofibration of symmetric spectra.
Recall that levelwise cofibrations of symmetric spectra are closed under pushout. There is a commutative cube arising from comparing the instance of (4) for A to that of B along the cofibration i (the reader should draw this cube to see the various pushouts described below). One of its faces bounds a diagram
in which the inner square is a pushout and the map θ * is induced by a cofibration
, since i is a cofibration of spectra. Form the pushout
Then the induced diagram
is a pushout, so that the induced map i 1 * : V F n+1 A → V P O 2 is a levelwise cofibration of symmetric spectra by the inductive assumption. The diagram
is also a pushout in Spt, so that the map θ * :
and hence induces a level cofibration i * : V F n+1 A → V F n+1 B. The map i * : V A → V B is a filtered colimit of level cofibrations i * : V F n A → V F n B, and is therefore a level cofibration. Let K be a pointed simplicial set. Then (in the notation of [4] ) there is a natural isomorphism of spectra
It follows that there is a simplicial adjunction isomorphism
valid for all presheaves of spectra A and presheaves of symmetric spectra W . A map p : X → Y of presheaves of symmetric spectra is said to be a stable fibration if the underlying map p * : U X → U Y of presheaves of spectra is a stable fibration in the usual sense.
Lemma 6. Every map f : X → Y of presheaves of symmetric spectra has a natural factorization
such that p is a stable fibration, and j is a level cofibration which has the left lifting property with respect to all stable fibrations and induces a trivial fibration
for each stably fibrant object W .
Proof: Suppose that the infinite cardinal α is an upper bound for the size of the set of morphisms of the site C. Note that if A is an α-bounded presheaf of spectra on C, then the associated presheaf of symmetric spectra V A is α-bounded as well. A map f is a stable fibration if and only if it has the right lifting property with respect to the set of maps of the form V i : V A → V B arising from the α-bounded stably trivial cofibrations i : A → B of presheaves of spectra (see [2, proof of Theorem 3.7]). A transfinite small object argument of size β > 2 α for liftings by all maps V i produces a factorization as in (7), such that the map j is a level cofibration (by Lemma 5) which has the left lifting property with respect to all stable fibrations. Each of the maps V i : V A → V B induces a trivial fibration
for each stably fibrant object W , so the map
is a trivial fibration for each stably fibrant W .
In particular Z is a filtered colimit lim − →t<β Z t of subobjects Z t , and any map V A → Z defined for some α-bounded presheaf of spectra A must factor through one of the subobjects Z t , for otherwise the α-bounded object V A would have too many subobjects. It follows that the map p : Z → Y is a stable fibration. It follows from Theorem 3 and Lemma 6 that any morphism f : X → Y of presheaves of symmetric spectra may be successively factored
(1) i 1 is a level cofibration which has the left lifting property with respect to all stable fibrations and induces a trivial fibration hom(X s , W ) → hom(X, W ) for each stably fibrant W , and p 1 is a stable fibration; (2) i 2 is a level cofibration and a level weak equivalence, and p 2 is an injective fibration.
In particular, U p 2 is a strict fibration, which is strictly equivalent to the stable fibration U p 1 , so that p 2 is a stable fibration as well as an injective fibration of presheaves of symmetric spectra. By specializing to Y = * , we obtain a natural construction
of an injective stably fibrant "model" X si for a given presheaf of symmetric spectra X. Say that a map f : X → Y of PreSpt Σ (C) is a stable weak equivalence if it induces a weak equivalence of Kan complexes
for each injective stably fibrant object W .
Observe that the maps i 1 and i 2 in (8) are both stable weak equivalences by construction. In particular, we can show Lemma 9. Suppose that the objects X and Y are stably fibrant and injective. Then a map f : X → Y is a stable weak equivalence if and only if it is a level weak equivalence.
Proof: The map
is a weak equivalence of Kan complexes, so there is a map g : Y → X such that the composite gf is simplicially homotopic to 1 X . Also h 1 f h 2 f for maps h i : Y → Y implies that h 1 h 2 , on account of the trivial fibration of Kan complexes
Thus f gf f implies that the composite f g is simplicially homotopic to 1 Y . The map f is therefore a level weak equivalence, since any homotopy equivalence between cofibrant, fibrant objects in a closed simplicial model category must be a weak equivalence (see [3, Ch. 2] ).
The converse is clear.
Corollary 10. Suppose that X and Y are stably fibrant objects of PreSpt Σ (C).
Then a map f : X → Y is a stable equivalence if and only if it is a level equivalence.
Suppose that Z is a symmetric spectrum and that K is a pointed simplicial set. The symmetric spectrum Z K = hom * (K, Z) is defined in levels by
The structure map
is the unique pointed simplicial set map making the diagram
commute, where ev is the evaluation map wherever it appears. This construction is natural in K and Z, and there are natural isomorphisms
for all pointed simplicial sets K, L, and symmetric spectra Z.
There is a natural shift operator Z → Z [1] for symmetric spectra Z. In effect, Z [1] is the symmetric spectrum defined in levels by Z[1] m = Z 1+m , where σ ∈ Σ m acts on Z[1] m as 1 ⊕ σ ∈ Σ m+1 . In other words, 1 ⊕ σ(1) = 1 and
p+m is defined to be the composite
where c(p, 1) ∈ Σ p+1 is the cyclic permutation of order p + 1. One checks that σ * is Σ p × Σ m -equivariant. Define the shifted spectrum
The standard maps σ * : Z n → hom * (S 1 , Z 1+n ) which are adjoint to the composites
together determine a natural map of symmetric spectra
Write ΩZ [1] = hom * (S 1 , Z) [1] to make the notation easier to deal with. Suppose now that Z is a symmetric spectrum which is a levelwise Kan complex. Flipping loop factors defines a natural isomorphism
and there is an isomorphism (1, 2) :
which consists of maps (1, 2) : Z 2+n → Z 2+n induced by the transposition (1, 2) ∈ Σ n+2 . Writeσ for the bonding maps of ΩZ [1] . Then one can show that there is a natural commutative diagram
in Spt Σ which translates into a diagram
on the space level.
We now have the ingredients of proof for the following:
Lemma 12. Suppose that Z is a symmetric spectrum which is a Kan complex in all levels. Then the map σ * : Z → ΩZ [1] induces an isomorphism in stable homotopy groups.
Remark 13. I remind the reader that the shift functor Z → Z[1] given here does not coincide with the shift functor given in [4] (Remark 2.2.12), in that it involves twisting by cyclic permutations. In particular, the analog of Lemma 12 for the untwisted shift functor is not true.
Proof of Lemma 12:
We have to show that the diagram
induces an isomorphism in colimits of homotopy groups. The induced map in the colimit is plainly a monomorphism. There is a commutative diagram
The composite
induces the identity map in homotopy groups, and so
For Z as in the statement of the Lemma 12, define a symmetric spectrum Q Σ Z to be the filtered colimit of the system
Lemma 15. Suppose that Z is a symmetric spectrum which is a Kan complex in all levels. Then there is a natural isomorphism
Proof: To extend the notation for the bonding mapσ of ΩZ [1] given above, write
in the sequence (14). Repeated instances of the diagram (11) give a commutative diagram
Write θ k+1 for the composite of the vertical maps in the diagram. Observe that θ k+1 is a composite of instances of isomorphisms of the form Ω i τ * or (1, 2) * , and therefore commutes (up to interpretation of notation) with the morphism Ω k+1 σ * . Now suppose given natural isomorphisms γ i :
commutes, and all isomorphisms γ i are compositions of instances of Ω j τ * or (1, 2) * . In particular, presume that γ 2 = τ * (1, 2) * :
, and so we are entitled to set γ k+1 to be the composite
and get a natural commutative diagram
Note finally that the natural isomorphism γ k+1 is a composite of instances of the isomorphisms Ω i τ * and (1, 2) * .
The canonical map Z → Q Σ Z induces an isomorphism in stable homotopy groups by Lemma 12, and the stable homotopy groups of Z coincide up to isomorphism with level homotopy groups of Q Σ Z by Lemma 15. Formally, there is a natural map c :
for all symmetric spectra X and pointed simplicial sets K. It follows that the functor Q Σ prolongs to a simplicial functor
Lemma 16. Suppose that f : X → Y is a map of presheaves of symmetric spectra such that U f : U X → U Y is a stable equivalence of presheaves of spectra. Then f is a stable weak equivalence of PreSpt Σ (C).
Proof: We can assume that X and Y are presheaves of Kan complexes in all levels. If W is a stably fibrant injective object, then the canonical map γ W : W → Q Σ W is a level equivalence, and hence induces a weak equivalence
It follows that there is a map g W : Q Σ W → W such that the composite g W γ W is simplicially homotopic to the identity 1 W on W .
The composite hom(X, W )
is induced by composition with g W γ W , and is therefore homotopic to the identity on hom(X, W ). The composition and the homotopy are natural in X. Thus if f : X → Y induces a stable equivalence U f : U X → U Y , then the induced map Q Σ f : Q Σ X → Q Σ Y is a level equivalence, and so the maps
are weak equivalences of pointed simplicial sets.
Corollary 17. Suppose that p : X → Y is a map of presheaves of symmetric spectra which is both a stable fibration and a stable weak equivalence. Then p is a level equivalence.
Proof: Let F denote the fibre of p, and let C p be the homotopy cofibre. The induced map j p : F ∧ S 1 → C p induces a stable equivalence U j p : U (F ∧ S 1 ) → U C p of presheaves of spectra, so that j p is a stable weak equivalence of presheaves of symmetric spectra by Lemma 16. The fibre sequences
arising from injective stably fibrant objects W show that the map C p → * is a stable weak equivalence. The map F → * is therefore a stable weak equivalence of stably fibrant objects, so that F → * is a level equivalence (Corollary 10). It follows that p : X → Y is a level equivalence.
Say that a map i : A → B of PreSpt Σ (C) is a stable cofibration if it has the left lifting property with respect to all morphisms p : X → Y which are simultaneously stable fibrations and stable weak equivalences. In view of Corollary 17, the maps
induced by the inclusions A ⊂ L U ∆ r are stable cofibrations for all r and objects U ∈ C. Here, L U denotes the left adjoint to the U -sections functor.
Theorem 18. Suppose that C is a small Grothendieck site. Then the category PreSpt Σ (C) of presheaves of symmetric spectra on C, and the classes of stable weak equivalences, stable fibrations and stable cofibrations specified above, together satisfy the axioms for a proper closed simplicial model category.
Proof: On account of Lemma 6, every map f : X → Y of presheaves of symmetric spectra has a factorization
such that p is a stable fibration, and j has the left lifting property with respect to all stable fibrations and induces trivial fibrations j * : hom(Z, W ) → hom(X, W ) for all stably fibrant objects W . In particular, j is a stable weak equivalence. The map j is a level cofibration, by Lemma 5.
A transfinite small object argument says that f : X → Y has a factorization (20)
such that i has the left lifting property with respect to all maps which are simultaneously level fibrations and level weak equivalences, and q has the right lifting property with respect to all morphisms
corresponding to cofibrations A → L U ∆ n of simplicial presheaves for all n and objects U ∈ C. In particular, q is a levelwise trivial fibration, so that U q is a stable fibration as well as a strict weak equivalence of presheaves of spectra. Thus, q is a stable fibration and a stable weak equivalence. The map i has the left lifting property with respect to all maps which are stable fibrations and stable weak equivalences, by Lemma 17, so that i is a stable cofibration. It is a consequence of the small object argument that the map i is a level cofibration.
The factorization axiom CM5 has therefore been demonstrated. The existence of the factorization (19) implies that every map which is a stable cofibration and a stable weak equivalence has the left lifting property with respect to all stable fibrations and is a level cofibration, by a standard argument. We have proved CM4, and the axioms CM1 -CM3 are obvious. is a fibration of simplicial sets, which is trivial if i is a weak equivalence or p is a stable equivalence. This is on account of the corresponding statement for presheaves of spectra, and implies the simplicial model axiom SM7 for PreSpt Σ (C). Stable weak equivalences are closed under pushout along stable cofibrations. To see this, apply the functors hom( , E) corresponding to stably fibrant injective objects E, and use the fact that all stable cofibrations are levelwise monomorphisms, along with properness for simplicial sets.
To see that stable weak equivalences are preserved by pullback along stable fibrations, consider a pullback square
where p 2 is a stable fibration (hence, so is p 1 ) and g is a stable weak equivalence. The fibrations p 1 and p 2 have a common fibre F , and there is a commutative diagram
in which X i /F denotes the homotopy cofibre of the map F → X i , so that the vertical maps induce stable equivalences of presheaves of spectra. Apply the functor hom( , E) as above to the diagram of cofibre sequences
